ABSTRACT In this paper, the semi-global cooperative output regulation problem of heterogeneous swarm systems subject to saturation under switching network is investigated. Like the common consensus problems, the swarm systems consist of some followers cannot access the state of the leader directly. But the difference is that some even cannot measure the state of the leader all the time. By utilizing the distributed output feedback control method, the low-gain feedback technique and the output regulation theories, we establish two sets of consensus control laws, respectively, based on the state feedback method and the output feedback method, to solve the output consensus problems in this kind. Besides, the global leader-following output consensus problem under switching network is proved to be a special case of semi-global cooperative output regulation problem under switching network, and as a consequence, it can also be solved by our method. A simulation example is proposed to illustrate the results very well.
I. INTRODUCTION
The significant advantages in the coordination of SS(Swarm System) over the single-agent systems such as larger redundancy, higher robustness, greater fault tolerance, etc. [1] - [11] , have shown an inestimable researching value and the following potential application in aerospace, industry, entertainment and even military [12] . As an essential problem of SS's various coordinative control, the consensus of SS has received considerable attention and development since the beginning of this century. Among large amounts of the relevant researches, the problems vary from linear control [13] - [19] to nonlinear control [20] - [22] , from static network [13] , [23] to time-varying network [15] , [24] - [26] , from homogeneous SS [17] , [21] to heterogeneous SS [27] , and from leader-following behaviors [15] , [23] , [25] , [28] , [29] to leaderless [15] , [24] , [30] , [31] behaviors.
To make it closer to practical application, the ubiquitous input saturation should be taken into consideration. This kind of problem is called the cooperative output regulation
The associate editor coordinating the review of this manuscript and approving it for publication was Yangmin Li. problem subject to input saturation. It is needed to explain in advance, that the leader-following problem is a special case of cooperative output regulation problems [32] . Thus, they can be regarded as the same problem. Su et al. [17] researched on the semi-global leader-following consensus of homogeneous linear swarm systems with input saturation via low gain state feedback without disturbance, and furthermore, the observerbased case was studied in [33] . The global leader-following consensus problem for the identical swarm systems subject to input saturation without disturbance was studied in [34] , while [19] used distributed state feedback and output feedback. Zhao et al. [20] used different distributed state feedback control laws to solve the problems of semi-global leaderfollowing output consensus for identical swarm systems and the non-identical disturbance entering each follower agent systems. And in [21] , they studied the global leader-following consensus problem for a swarm system with bounded control. The work mentioned above all concentrated on the identical linear swarm system under the fixed network as communication constraints.
In this paper, the semi-global cooperative output regulation problem for heterogeneous SS with input saturation under switching network is investigated. Shi et al. [27] solved the semi-global leader-following output consensus problem for a heterogeneous swarm system with input saturation over a directed network on which the leader agent is globally reachable by using the low gain feedback technique and the output regulation theory. However, this is the case where the network topology is fixed. By comparison, it is difficult to design a control law when the communication constraints are time-varying. Therefore, We first adopt the time-varying distributed observer, which has been studied in Su and Huang [32] . Then, taking advantage of the distributed observer, we establish two consensus control law, one is based on the state feedback, the other is on output feedback. Besides, we show that the semi-global Leader-following Output Consensus Problem subject to saturation under switching network is a special case of cooperative output regulation problem under switching network. The semi-global Leaderfollowing Output Consensus Problem subject to saturation can be solved by the distributed output feedback control laws. In summary, we have solved the semi-global cooperative output regulation problem subject to saturation under switching network by utilizing distributed output feedback control law. To illustrate the effectiveness of our approach, we apply our approach to one leader-following out consensus problem whose digraph is jointly connected.
The rest of this paper is organized as follows: Section II formulates the semi-global leader-following output consensus problems for the swarm system with input saturation under switching network. Section III gives out associated assumptions and lemmas from [22] , [32] , and [36] . The main result is presented in IV, followed by a numerical example in Section V. Section VI concludes this paper. In the end, nomenclature is appended in section VI.
II. PROBLEM FORMULATION AND PRELIMINARIES
Consider a heterogeneous swarm system subject to input saturation as follows:
where 
x 0 ∈ R q is the leader signal to be tracked and w i ∈ R s i is the local external disturbance to each follower system. Follow the results in [20] , [27] , and [32] , we assume that x 0 is generated by the system of the following forṁ
where A 0 ∈ R q×q and C 0 ∈ R q y ×q are constant matrixes. And, for i = 1, . . . , N , w i is generated by a linear system as followsẇ
with Q i ∈ R s i ×s i . Equations of (1) and (3) make up the swarm system, where the N subsystem of (1) can be viewed as the followers and the one of (3) as the leader. (1), (3) and (4) can be rewritten as:
wherē
A brief introduction of graph theory is shown in the following which can be found in [16] : To describe the communication between the agents, a graph G(t) = (V, E(t)) is defined, where node set V = {1, . . . , N } represents N agents, and edge set E(t) ⊆ V × V represents all the connected node pairs, if
for any time t, and is directed otherwise. N i (t) = {j ∈ V|(j, i) ∈ E(t)} is used to denote the neighbor set of agent i. The Laplacian matrix is defined as
A new communication graph could be described byḠ(t) = (V,Ē (t)) if the leader system is labeled as node 0, whereV = V ∪ {0} andĒ(t) ⊆V ×V. Furthermore, it is defined that H (t) = L(t) + (t), where (t) = diag a 10 (t), . . . , a N 0 (t) . As for time-varying characteristics of the switching network, σ (t) : [0, +∞) → P = {1, 2, . . . , p} is used to describe a piecewise constant switching signal. It is supposed that there exists an infinite sequence of nonempty time interval
for the dwell timeτ . In this case, during each time interval [T k , T k+1 ), the graphḠ(t) is fixed and denoted asḠ k j , and
. In addition,Ḡ σ (t) is allowed to be disconnected at every time instant. If the union graph
is connected, then we can tell the graph is jointly connected across [T k , T k+1 ).
We propose our problem as follows: Problem 1: Given the communication networkḠ σ (t) and a swarm system which contains equation (1) , (3) and (4) with any priori given bounded sets W 2i ⊂ R q+s i , design a distributed control law such that, for any initial condition x i0 ∈ R n i and v i0 ∈ W 2i , i = 1, . . . , N , the tracking error of swarm system satisfies lim t→∞ e i (t) = 0.
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Assumption 7: The graphs are jointly connected across
We review some results of input saturation published in [35] .
Lemma 1 [35] 
Moreover, lim ε→0 P(ε) = 0 Lemma 2 [36] : Assume that (A, B) is stabilizable and A has all its eigenvalues in the closed left-half plane. Then, for the state feedback gain F(ε) = B T P(ε), where P( ) satisfies equation (9) , the closed-loop systemẋ = (A − BF(ε))x is asymptotically stable for all ε > 0 and for all ε ∈ (0, 1], F(ε) ≤ α(ε) and F(ε)e A−BF(ε)t ≤ β(ε)e −εγ t for some α(ε) > 0, β(ε) and γ > 0. Moreover, α(ε), β(ε) → 0 as ε → 0.
IV. MAIN RESULTS
The distributed state feedback control law is described as
where, K 2xi ∈ R m i ×q and 
, where P i (ε) satisfied equation (11) , the closed-loop systemẋ i = (A i − B i F i (ε))x i is symptotically stable for all ε > 0 and for all ε → (0, 1]
for some α(ε) > 0, β(ε) > 0 and γ (ε) > 0. Moreover, γ (ε), α(ε), β(ε) → 0 as ε → 0.
Remark 4: However, most systems' state actually could not be get directly, usually partially obtainable or only its output is procurable. Thus the state observer could be adopted to make up to the output feedback control law.
We can propose such distributed dynamic output feedback for the swarm system (1):
Remark 5: For the equation (14) , by Lemma Corollary 1 of [32] , we haveṽ → 0 exponentially with time t → ∞ implyingv i → x 0 with time t → ∞, for i = 1, . . . , N .
Let
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with
The cooperative output regulation problem of the swarm system subject to saturation can be solved by the distributed dynamic output feedback control law (13) under assumptions 1-7 and for any positive µ, .
Proof: We now show that: the swarm system described by equations (1), (3) and (4) whose Problem 1 can be solved by the control law (13) .By the assumption 6, regulator equation (8) has solution ( i , i ) with its condition satisfied that there exist a δ > 0 and a T ≥ 0 such that (19) e i = C ix1i (20) Withū i = u i − i v i and from equation (13a), we havē
Substitute (21) into equation (18) (23) with Remark 3,ṽ i → ∞ as t → ∞, and
is Hurwitz, leads χ i → 0 as t → ∞, we now show that there exists a t 0i ≥ 0, for all possible initial conditions χ i (0) and
Under assumption 1,x i (t 0i ) is bounded. Hence there exists an ε 1i such that for all possible initial conditions, ∀ε ∈ (0, 1],
lim t→∞ χ i = 0 and lim t→∞ṽi = 0 exponentially, it follows from (12) that there exist an ε * 1 and an ε 2i > 0 such that, for ε ∈ (0, ε * 1 ] and some initial conditions,
which shows that, for t ≥ t 1i ,
From time T = max{t 0i , t 1i } onwards, the saturation elements are nonexistent. The equation (22) can be written aṡ
where
. That together with (24) , shows that the system (23) will operate linearly after time t 1i and locally exponential stability of this linear system from the separation principle. So there exists an ε * 2 such that, ∀ε ∈ (0, ε * 2 ], thus the problem is solved.
We have known that lim t→∞ṽi = 0 and lim t→∞ χ i = 0 exponentially, and with equation (15), it follows from the last equation of (17) that there exists a t 2i ≥ T such that, for all possible initial conditions v i (0),
Considering the equation (15) .x i (t 2i ) belongs to a bounded set independent of ε sincex i (0) is bounded and sincex i is determined via a linear different equation with bounded inputs σ (u i ) and v i . Hence there exists an ε 3i such that for all possible initial conditions,
From time t 2i onwards, the equation (15) operates without the saturation elements. Under the assumption 6, with the saturation elements disappear, the equations (15) and (17) are equal to the equation (28) after time t 2i . Hence, there exists an ε * 3 > 0 such that, for all ε ∈ (0, ε * 3 ],
Equation (31) together with (29) and assumption 6, shows that the system (28) will operate linearly after time t 2i and the VOLUME 7, 2019 exponential stability of this linear system follows from the separation principle. Hence, e i (t) = C ixi → 0 as t → 0, taking ε * = min{ε * 2 , ε * 3 }, the proof completes. 
where x i ∈ R q is the state, u i ∈ R m , x 0 is the leader's system (3) . We can design feedback laws as:
where, K 1i = −F i (ε) ∈ R m×q and F i (ε) = B T i P i (ε) such that P i (ε) satisfied equation (11) , K 2xi ∈ R m×q is given by
. (34) and can be solved from the following equations
The control law (33) for the follower to solve the semi-global leader-following consensus problem:
V. NUMERICAL EXAMPLE
Consider a group of four follower agents, assume the digraph associated with our system is shown in Fig.1 , whose dynamics are given by (1), corresponding to assumptions 1-5. 
We choose the initial condition: Let γ = 3 and ε = 0.9, with Riccati equation (11) we can obtain 
The solution pair (
i , i )of (8) is i =     1 0 1 0 0 −1 0 −2 −1 0 −4 0 0 1 0 8     , i = −1 0 −1 0 . By K 2i = F i (ε) i + i ,
VI. CONCLUSION
In this paper, the semi-global cooperative output regulation of linear heterogeneous swarm systems subject to saturation over the switching network was studied. The swarm systems consist of some followers cannot access the state of the leader directly, or even the communication topology is time-varying. As for the solutions to this kind of consensus problem, the distributed output feedback control method, the low gain feedback technique and the output regulation theories were used, when we established two sets of consensus control laws, respectively, based on the state feedback method and the output feedback method, to solve the output consensus problem. The further study would apply this method to the collaboration problem between the manned aerial vehicle(MAV) and unmanned aerial vehicle(UAV), where the following UAVs could observe the leader's state, and the communication between them is time-varying.
APPENDIX
See Table 1 . 
